Here we study the emergence of different Symmetry-Protected Topological (SPT) phases in a spin-2 quantum chain. We consider a Heisenberg-like model with bilinear, biquadratic, bicubic, and biquartic nearest-neighbor interactions, as well as uniaxial anisotropy. We show that this model contains four different effective spin-1 SPT phases, corresponding to different representations of the (Z2 × Z2) + T symmetry group, where Z2 is some π-rotation in the spin internal space and T is time-reversal. One of these phases is equivalent to the usual spin-1 Haldane phase, while the other three are different but also typical of spin-1 systems. The model also exhibits an SO(5)-Haldane phase. Moreover, we also find that the transitions between the different effective spin-1 SPT phases are continuous, and can be described by a c = 2 conformal field theory. At such transitions, indirect evidence suggests a possible effective field theory of four massless Majorana fermions. The results are obtained by approximating the ground state of the system in the thermodynamic limit using Matrix Product States via the infinite Time Evolving Block Decimation method, as well as by effective field theory considerations. Our findings show, for the first time, that different large effective spin-1 SPT phases separated by continuous quantum phase transitions can be stabilized in a simple quantum spin chain. Introduction.-Topological order [1] is a new kind of order in quantum matter. Such order can be protected by certain symmetries, i.e., it is present unless the symmetries are broken. This is the concept of SymmetryProtected Topological (SPT) phases, discussed originally in the Haldane phase of the spin-1 quantum Heisenberg chain [2], but relevant to higher-dimensional systems as well [3]. SPT phases had a recent revival thanks to concepts such as entanglement spectrum [4] . In particular, using the language of Matrix Product States and Tensor Networks [5] it was realised that 1d SPT phases are related to degeneracy patterns in the eigenvalue spectrum of reduced density matrices of the chain [6] . Other approaches based on MPS [7] [8] [9] and group theory [10, 11] have also been successful in characterising 1d SPT phases.
Here we study the emergence of different Symmetry-Protected Topological (SPT) phases in a spin-2 quantum chain. We consider a Heisenberg-like model with bilinear, biquadratic, bicubic, and biquartic nearest-neighbor interactions, as well as uniaxial anisotropy. We show that this model contains four different effective spin-1 SPT phases, corresponding to different representations of the (Z2 × Z2) + T symmetry group, where Z2 is some π-rotation in the spin internal space and T is time-reversal. One of these phases is equivalent to the usual spin-1 Haldane phase, while the other three are different but also typical of spin-1 systems. The model also exhibits an SO(5)-Haldane phase. Moreover, we also find that the transitions between the different effective spin-1 SPT phases are continuous, and can be described by a c = 2 conformal field theory. At such transitions, indirect evidence suggests a possible effective field theory of four massless Majorana fermions. The results are obtained by approximating the ground state of the system in the thermodynamic limit using Matrix Product States via the infinite Time Evolving Block Decimation method, as well as by effective field theory considerations. Our findings show, for the first time, that different large effective spin-1 SPT phases separated by continuous quantum phase transitions can be stabilized in a simple quantum spin chain. Introduction.-Topological order [1] is a new kind of order in quantum matter. Such order can be protected by certain symmetries, i.e., it is present unless the symmetries are broken. This is the concept of SymmetryProtected Topological (SPT) phases, discussed originally in the Haldane phase of the spin-1 quantum Heisenberg chain [2] , but relevant to higher-dimensional systems as well [3] . SPT phases had a recent revival thanks to concepts such as entanglement spectrum [4] . In particular, using the language of Matrix Product States and Tensor Networks [5] it was realised that 1d SPT phases are related to degeneracy patterns in the eigenvalue spectrum of reduced density matrices of the chain [6] . Other approaches based on MPS [7] [8] [9] and group theory [10, 11] have also been successful in characterising 1d SPT phases.
In this context, Oshikawa conjectured in 1992 that the spin-2 quantum Heisenberg chain with uniaxial anisotropy should have an effective spin-1 SPT phase similar to the usual Haldane phase, commonly called an Intermediate-Haldane (IH) phase [12] . Such an effective spin-1 phase remained elusive for many years, and could only be found recently [13] . Yet, the relative size of this phase is quite small in parameter space, which easily makes it fragile against noise. A different approach was taken in Ref. [14] , where a generalized spin-2 Heisenberg chain was considered with bilinear, biquadratic, bicubic and biquartic interactions. Such a model can be mapped, in a specific regime of parameters, to an SO(5)-symmetric model which, in the presence of uniaxial anysotropy, has (i) a very large effective spin-1 IH phase, and (ii) a small "SO(5)-Haldane" phase which is also SPT. This construction, however, relied on a precise fine-tuning of the parameters in the system. The intermediate SPT phase found in all the above models is equivalent to the well-known spin-1 Haldane phase [2] . However, this is not the only SPT phase realizable for spin-1 [11, 15] , and hence this should not be the only possibility to emerge as an effective spin-1 phase of a spin-2 quantum chain. Still, it is rather difficult to find simple and realistic examples of quantum spin chains with different (perhaps effective) spin-1 SPT phases and, even more difficult, where these phases are separated by continuous quantum phase transitions.
In this paper we solve the above problems by studying a spin-2 Heisenberg-like model with arbitrary values of bilinear, biquadratic, bicubic and biquartic nearest-neighbor interactions, together with a uniaxial anisotropy. For this model we show that different effective spin-1 SPT phases can actually be stabilized and, moreover, that these are separated by quantum critical points. To be specific, our different SPT phases correspond to different representations of the (Z 2 × Z 2 ) + T symmetry group, where Z 2 is some π-rotation in the spin internal space and T is time-reversal. One of these phases, called T 0 [11] , is equivalent to the usual spin-1 Haldane phase. We find that the transitions between these phases can be described by a c = 2 Conformal Field Theory (CFT), and indirect evidence suggests that this may be related to an effective field theory of four massless Majorana fermions. The model also exhibits other features, such as the SO(5)-Haldane phase. The results are obtained by approximating the ground state of the system in the thermodynamic limit using Matrix Product States [5] via the infinite Time Evolving Block Decimation method [16] , as well as by an effective field theory description [17, 18] . Our findings show, for the first time, that different effective spin-1 SPT phases separated by quantum critical points can de facto be stabilized in a simple spin-2 Heisenberg-like quantum spin chain.
Model and symmetries.-Here we consider the spin-2 quantum chain
for periodic boundary conditions and in the thermodynamic limit. In a certain regime of parameters, the model for D = 0 is also known to have ferromagnetic, dimerized, and critical trimerized phases [21] . In Ref. [14] , the case
was addressed also for D ≥ 0. In this regime it was proven that, for D = 0, the system has an exact SO(5) symmetry and an MPS as its exact ground state [19, 20] . For D > 0 the SO(5) symmetry is explicitly broken down to U (1) × U (1) [14] . Moreover, for these values of the parameters, the Hamiltonian in Eq.(1) also has discrete symmetries, including spatial inversion P , time reversal T , and a (Z 2 × Z 2 ) 2 related to invariance under global Z 2 rotations. As discussed in Ref. [14] , these symmetries protect both an IH phase and the SO(5)-Haldane phase. Phase transitions in this system were also studied using an effective field theory of five Majorana fermions [14, 17, 18] . If we also allow for a change in the values of J γ , then the Hamiltonian above has a (U (1) × Z 2 ) + T symmetry, where U (1) corresponds to the S z conservation. We focus, however, on the reduced discrete symmetry (Z 2 × Z 2 ) + T , so that in principle we could also add terms breaking the U (1) symmetry down to Z 2 . Such a symmetry is known to protect up to 16 different possible SPT phases [10, 11] . Four of these phases are typical of spin-1 chains, and following the notation in Ref. [11] we call them T 0 , T x , T y and T z , with T 0 the usual Haldane phase for spin-1 chains [2] .
Approach.-In this paper we study the phase diagram of the above model for arbitrary values of the interaction strengths J γ and anisotropy D, thus the symmetry (Z 2 × Z 2 ) + T turns out to be relevant for us. For the sake of simplicity, we focus on four two-dimensional projections of the phase diagram obtained by fixing all the J γ except one to the values in Ref. [14] (i.e., the ones mentioned above). Thus, we study the four two-dimensional planes J 1 , D , J 2 , D , J 3 , D and J 4 , D , with the rest of interaction parameters fixed to the values mentioned for each case.
We approximate the ground state of the system in the thermodynamic limit by a Matrix Product State (MPS) using the infinite Time-Evolving Block Decimation method [16] . The maximum MPS bond dimension is around 120, which proves sufficient for our purposes. For each plane, we evaluate the expectation value of string order parameters
and O 34 (where L 12 is replaced by L 34 ), with L 12 = |2 2| − | − 2 −2| and L 34 = |1 1| − | − 1 −1| in the basis of spin-2. Moreover, we also compute the degeneracies in the entanglement spectrum and the entanglement entropy of half an infinite chain (within the limitations of our finite bond dimension). All this allows us to see the potential candidates for SPT phases in the model. To determine exactly which type of SPT phases we have, we compute the parameters (β, ω, µ, ν) [25] defined as
with R t , R x and R z the matrix representations of, respectively, time reversal T , the π-rotation around the x-axis, and the π-rotation around the z-axis, acting on the MPS bond indices (with the convention R 2 x = R 2 z = I). It turns out that such matrices can be computed easily using MPS techniques [7, 8] . The numbers (β, ω, µ, ν) are all equal to ±1, and their 16 different choices correspond to the 16 SPT phases protected by (Z 2 × Z 2 ) + T symmetry, in one-to-one match with those in Table I of Ref. [11] . In the supplemental material we review this classification, as well as how to find (β, ω, µ, ν) for an MPS.
Phase diagram projections.-Our results for the phase diagrams can be found in Figs.1-4 . In all cases, we find a relatively small SO(5)-phase with degeneracy 4 in the entanglement spectrum and non-zero value of O 12 (not shown), and a quite large region with degeneracy 2 in the entanglement spectrum, as well as non-zero values of O 34 , compatible in principle with a large IH (T 0 ) phase. We see also a strong similarity between the diagrams in the J 1 , D and J 3 , D planes, see Figs.1-2. In particular, our results for each of these two diagrams are compatible with three different intermediate spin-1 SPT phases, see Fig.5(a,b) , namely, T z , T y and T 0 . Surprisingly, we find that the T y phase has a very large entanglement entropy. There are two plausible scenarios to explain this: either (i) it is a gapped phase with very small gap, or (ii) it is a gapless critical phase. We have explicitly checked that the entanglement entropy seems to increase when increasing the bond dimension in this phase, and therefore we believe that scenario (ii) is more plausible [26] . While for the J 2 , D diagram we find only one candidate for an intermediate topological phase (T 0 ), in the J 4 , D plane we find two: T 0 and T x , see Fig.5(c) . In Table I we summarize all the effective spin-1 phases found so far. Effective critical field theory.-The transitions between SO(5) Haldane/IH and IH/large-D were studied originally in Ref. [14] . There it was shown that the system can be described at low energies using an effective field theory of five Majorana fermions ξ a (a = 1, . . . , 5):
where v and m a are velocity and masses of the Majoranas. For the IH (or T 0 ) phase, three fermions have negative masses m 2 and m 3 , and two have positive mass This effective field theory treatment may also help to understand the transition between the different effective spin-1 SPT phases. From the numerics, we see that T x , T y and T z also have spin-1/2 edge modes because of the two-fold degeneracy in the entanglement spectrum. If we try to describe them using the Majorana field theory, then three Majorana masses must be negative and two positive. If this is the case, then the only possibility is that the three Majoranas with negative mass are different from those in the T 0 phase (otherwise the phases could be deformed into each other without closing the gap). Thus, if the field theory is correct in this regime, then phase transitions amongst the T 0 , T x , T y and T z phases can be viewed as processes of sign exchange amongst Majorana masses. To change their sign, some of these masses must be zero at some point, which implies a quantum phase transition described by a CFT. To check the plausible validity of this picture we compute the central charge of the T y − T 0 transition in Fig.2 an appropriate fit to the data. Our result in Fig.6 agrees with c = 3 × 0.6528 ≈ 2 [27] , which means that 4 out of the 5 Majoranas would become massless at criticality and interchange the signs of their masses. A similar behaviour is found for the other transitions between the effective spin-1 SPT phases in Figs.1,2,4 .
Other features.-The main purpose of this paper is the study of the topologically-nontrivial phases emerging from the model in Eq.(1). Yet, a number of other features appear in the phase diagram, which we now discuss very briefly. For instance, we find a candidate for a gapless phase gJ 4 with entanglement spectrum degeneracy of 2, no string order, and topologically trivial. We conjecture this phase to be in the XY universality class, as also found in other spin-2 chains [13] . We also find several large-and low-J phases at every plane which are topologically trivial, and which correspond to different symmetry-breaking orders (e.g., ferromagnetic). An indepth analysis of all these phases, together with the phase diagram of the model in the full parameter space, will be considered in a future study.
Conclusions.-Here we have studied a spin-2 model exhibiting a wide variety of SPT phases protected by (Z 2 × Z 2 ) + T symmetry. In particular, we have found four different intermediate effective spin-1 SPT phases, with continuous phase transitions between them corresponding to a c = 2 CFT. Indirect evidence suggests the possibility of an effective field theory of four massless Majorana fermions for such CFT. Our results show, for the first time, that different spin-1 SPT phases separated by quantum critical points can emerge from a single, quite simple, quantum spin chain.
We acknowledge F. Pollmann for crucially suggesting the implementation of the techniques in Ref. [8] . In this supplemental material we provide details on the following:
1. Review of the classification of all SPT phases with (Z 2 × Z 2 ) + T order in 1d.
2. How to extract the parameters (β, ω, µ, ν) from a Matrix Product State.
1. The 16 SPT phases in 1d protected by (Z2 × Z2) + T symmetry In Ref. [1] a complete classification of all SPT phases protected by (Z 2 × Z 2 ) + T symmetry is provided, based on the grounds of group-theory properties. This classification can be summarized in Table I of that paper, where it is seen that there are a total of 16 different phases, and which introduces the notation T 0 , T x , T y and T z used in this paper for the typical spin-1 phases.
However, it is possible to understand in a much simpler way the 16 phases in spin chains with (Z 2 × Z 2 ) + T symmetry. This goes as follows: in MPS language, we have a set of (projective) symmetry operators R x , R z and R t acting on the bond indices. Without loss of generality, we choose R
, it is always possible to redefine R x and R z by multiplying a factor i, so R 2 x = I is just a gauge choice). The nontrivial sign ω = ±1 denotes the commutation relation between R x and R z , which cannot be gauged away. This means, R x R z = ωR z R x . Together with the sign β = ±1 defined from R Other commutators are all fixed by the above relations. The above four choices correspond to the index γ in Table  I of Ref. [1] , and we label them by the values of signs µ = ±1 and ν = ±1 defined respectively from R x R t = µR t R x and R z R t = νR t R z . Thus, there are in total 4 × 4 = 16 phases (1a, 1b, 1c, 1d, 2a, 2b,. .., 4d), which can be labelled uniquely by the four signs (β, ω, µ, ν).
Let us mention that in Ref. [1] operators R x , R z and R t do not correspond to the gauge that we are using here, where R 2 x = R 2 z = I. To recover the above results, one has to remove a factor "i" for R x and R z in Table I of that reference, so that they square to I. Then one can check that the commutation relations among R x ,R z and R t just correspond to the above 16 cases.
Extracting (β, ω, µ, ν) from a Matrix Product State.
For an infinite MPS with one-site translation invariance, Ref. [2] explains in Eqs.10-12 how to obtain explicitly the operators U x ≡ R x , U z ≡ R z and U t ≡ R t K. Here K is the complex conjugation operation, defined by KAK −1 = A * and K = K −1 . The procedure explained in Ref. [2] is just a simple MPS calculation, and we address the interested reader to that reference for further information.
